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1. Introduction

Measuring the flexural wave properties of beams is important because these parameters
significantly contribute to the static and dynamic response of structures. An effective approach for
obtaining such measurements relies on an ‘‘inverse’’ method that typically involves choosing a
model of the system under study and fitting experimental data to the model by letting the
unknown parameters be free variables.
One of the first researchers to examine what is called the inverse problem was Prony [1], who

developed a technique for estimating the parameters of damped sinusoids from evenly spaced
measurements. Today, the ‘‘Prony methods,’’ which describe the majority of equally spaced
multisensor experimental techniques, are most notably used by Grosh and Williams [2], who have
developed a modified version that deconvolves the helical wave spectrum of a point-driven
cylindrical shell using simulated data. Their procedure first estimates the wavenumbers using a
root-finding algorithm applied to a characteristic polynomial and then relies on the resulting
values to find the response coefficients with a least-squares algorithm.
Another proponent of the inverse method was Ram [3], whose technique when applied to a

flexural beam uses eigenvalue and eigenvector data to build a model of a discretized system from
which mass and stiffness parameters can be extracted. In addition, Linjama and Lahti [4],
Bauman [5], and Mace and Halkyard [6] have estimated structural intensity and its corresponding
properties (usually shear force, transverse velocity, bending moment, and angular velocity) in a
beam. There is also an inverse technique described by Koss and Karczub [7] that uses the response
coefficients to estimate the strain field in a beam; however, it does not solve explicitly for the
flexural wavenumber. In still another study, McDaniel et al. [8] show how transient loading
provides a means to estimate frequency-dependent damping, as well as investigate the transfer of
data from the spatial domain into the wavenumber domain. Finally, McDaniel and Shepard [9]
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have proposed a solution to the inverse problem that is based on the use of unevenly spaced
measurements and an iterative method for determining the flexural wavenumber.
In the work presented in this paper, an inverse method is developed to measure the complex

flexural wavenumber and the corresponding response coefficients of a beam that is undergoing
transverse motion. Transforming experimental measurements into parameter estimates, in this
case, will result in a closed-form solution. The technique is typically used for measuring the
flexural wave properties of cars, ships, aircraft, bridges, buildings, and other common structures
that contain beams.
More specifically, the inverse technique described here combines seven transfer function

measurements to yield closed-form values of flexural wavenumber and response coefficients at any
given test frequency. Numerical simulations are presented to show the results of the method when
noise is added to simulated data. An experiment is also conducted on a beam, during which the
method is applied to the measurement data to yield the flexural wavenumber and the response
coefficients of an actual system. When the estimated transfer function is calculated from these
estimated parameters and compared to the original measured data, it is found that the parameter
estimation method is extremely accurate.
It should be noted that the inverse process can easily incorporate beam parameter

perturbations, making it an ideal method for design alteration testing. If the material properties
of the beam change, the method can be simply rerun with the newly designed beam and the
original experimental setup. Because the process is independent of boundary conditions, it
is not necessary to duplicate the beam-mounting conditions, which is especially useful when
the rotational and translational compliance of the mount may change from experiment to
experiment. Furthermore, the inverse method is independent of beam length, allowing
comparisons between beams of varying length. Finally, the calculations needed to compute
flexural wavenumber parameters can be done in seconds, which permits real-time evaluations of
beam properties.

2. System model and inverse solution

The system model of the transverse motion of the beam is the Bernoulli–Euler beam equation,
written as

EI
@4uðx; tÞ
@x4

þ rAb
@2uðx; tÞ

@t2
¼ 0; ð1Þ

where x is the distance along the length of the beam (m), t is the time (s), u is the displacement of
the beam in the (transverse) y direction (m), E is the (complex) Young’s modulus (N/m2), I is the
moment of inertia (m4), r is the density (kg/m3), and Ab is the cross-sectional area of the beam
(m2). Implicit in Eq. (1) is the assumption that plane sections remain plane during bending (or
transverse motion). Additionally, Young’s modulus, the moment of inertia, the density, and the
cross-sectional area remain constant along the entire length of the beam. The displacement is
modelled as a steady state response in time and is expressed as

uðx; tÞ ¼ Uðx;oÞ expðiotÞ; ð2Þ
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where o is the frequency of excitation (rad/s), Uðx;oÞ is the temporal Fourier transform of the
transverse displacement, and i ¼

ffiffiffiffiffiffiffi
�1

p
: The temporal solution to Eq. (1), derived using Eq. (2)

and written in terms of trigonometric functions, is

Uðx;oÞ ¼AðoÞ cos½aðoÞx� þ BðoÞ sin½aðoÞx�

þ CðoÞ cosh½aðoÞx� þ DðoÞ sinh½aðoÞx�; ð3Þ

where A(o), B(o), C(o), and D(o) are response coefficients and a(o) is the flexural wavenumber
given by

aðoÞ ¼
o2

ðEI=rAbÞ

� �1=4
: ð4Þ

For brevity, the o dependence is omitted from the response coefficients and the flexural
wavenumber throughout the remainder of the paper. Note also that Eqs. (3) and (4) are
independent of boundary conditions and that the inverse model developed here does not require
boundary condition specifications or assumptions.
Eq. (3) has five unknowns and is non-linear with respect to the unknown flexural wavenumber.

It will be shown that the use of seven independent, equally spaced measurements allows the five
unknowns to be estimated with closed-form solutions. To begin, all the seven frequency-domain
transfer functions of acceleration (or displacement) are measured at some location and are then
divided by a common reference measurement. Each of the seven transfer functions is collected by
two accelerometers placed at different locations on the beam (although one may be placed at the
base of the shaker table). The seven measurements are set equal to the theoretical expression given
in Eq. (3). Without loss of generality, the middle measurement location corresponds to x ¼ 0—a
location that does not necessarily have to be placed at the middle of the beam. The seven
equations are written as

T�3 ¼
U�3ð�3d;oÞ

V0ðoÞ
¼ A cosð3adÞ � B sinð3adÞ þ C coshð3adÞ � D sinhð3adÞ; ð5Þ

T�2 ¼
U�2ð�2d;oÞ

V0ðoÞ
¼ A cosð2adÞ � B sinð2adÞ þ C coshð2adÞ � D sinhð2adÞ; ð6Þ

T�1 ¼
U�1ð�d;oÞ

V0ðoÞ
¼ A cosðadÞ � B sinðadÞ þ C coshðadÞ � D sinhðadÞ; ð7Þ

T0 ¼
U0ð0;oÞ
V0ðoÞ

¼ A þ C; ð8Þ

T1 ¼
U1ðd;oÞ
V0ðoÞ

¼ A cosðadÞ þ B sinðadÞ þ C coshðadÞ þ D sinhðadÞ; ð9Þ

T2 ¼
U2ð2d;oÞ

V0ðoÞ
¼ A cosð2adÞ þ B sinð2adÞ þ C coshð2adÞ þ D sinhð2adÞ ð10Þ
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and

T3 ¼
U3ð3d;oÞ

V0ðoÞ
¼ A cosð3adÞ þ B sinð3adÞ þ C coshð3adÞ þ D sinhð3adÞ; ð11Þ

where d is the sensor-to-sensor separation distance (m) and V0ðoÞ is the reference measurement.
Note that the transfer functions given in Eqs. (5)–(11) are dimensionless.
Eq. (7) is added to Eq. (9) and Eq. (6) is added to Eq. (10), yielding

A cosðadÞ þ C coshðadÞ ¼
T1 þ T�1

2
ð12Þ

and

A cosð2adÞ þ C coshð2adÞ ¼
T2 þ T�2

2
: ð13Þ

Eqs. (8), (12) and (13) are combined and manipulated using multiple-angle regular and
hyperbolic trigonometric expressions to produce

coshðadÞ cosðadÞ �
T1 þ T�1

2T0

� �
½coshðadÞ þ cosðadÞ�

� �
þ

T2 þ T�2 þ 2T0
4T0

� �
¼ 0: ð14Þ

It is noted at this point that a zero-finding algorithm applied to Eq. (14) is sufficient to solve for
the unknown flexural wavenumber and the corresponding response coefficients. This process
produces an estimation of five parameters using five measurements. However, a closed-form
solution of the flexural wavenumber is preferred because zero-finding algorithms are sometimes
unstable and occasionally yield a solution that corresponds to the wrong zero, which would
require further mathematical manipulation. Thus, Eq. (7) is subtracted from Eq. (9), Eq. (6) is
subtracted from Eq. (10) and Eq. (5) is subtracted from Eq. (11), resulting in

B sinðadÞ þ D sinhðadÞ ¼
T1 � T�1

2
; ð15Þ

B sinð2adÞ þ D sinhð2adÞ ¼
T2 � T�2

2
ð16Þ

and

B sinð3adÞ þ D sinhð3adÞ ¼
T3 � T�3

2
; ð17Þ

respectively. Eqs. (15)–(17) are combined and manipulated using multiple-angle regular and
hyperbolic trigonometric expressions to give

coshðadÞ cosðadÞ �
T2 � T�2

2ðT1 � T�1Þ

� �
½coshðadÞ þ cosðadÞ�

� �
þ

T3 � T�3 þ T1 � T�1

4ðT1 � T�1Þ

� �
¼ 0: ð18Þ
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Combining Eqs. (14) and (18) now results in a quadrative equation with respect to the cosine
function, which is written as

a cos2ðadÞ þ b cosðadÞ þ c ¼ 0; ð19Þ

where

a ¼ 4T21 � 4T
2
�1 þ 4T�2T0 � 4T0T2; ð20Þ

b ¼ 2T�2T�1 � 2T�2T1 þ 2T�1T0 � 2T0T1 þ 2T�1T2 � 2T1T2 þ 2T0T3 � 2T�3T0 ð21Þ

and

c ¼ T2�1 � T21 þ T22 � T2�2 þ T�3T�1 � T�1T3 þ T�3T1 � T1T3 þ 2T0T2 � 2T�2T0: ð22Þ

Eq. (19) is now solved using

cosðadÞ ¼
�b7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p
2a

¼ f; ð23Þ

where f is typically a complex number. Based on the sign in front of the radical, Eq. (23) contains
two solutions to Eq. (19). Numerical simulations without noise suggest that only one solution will
have an absolute value less than unity. Numerical simulations with noise and actual data
(presented later) show that the absolute value of both roots can be less than unity. The root that
corresponds to the flexural wavenumber can be determined by two methods. The first method
involves a simple inspection, whereby one of the solutions can be eliminated due to an unrealistic
value for the wavenumber. The second method computes an estimated value of the field at a
sensor location using both the positive and negative roots and then determines the residual value
of both estimated models and the data. The smaller residual will correspond to the correct flexural
wavenumber.
The inversion of Eq. (23) allows the complex-valued flexural wavenumber a to be solved as a

function of f at every frequency for which a measurement is made. The solution to the real part of
a is

ReðaÞ ¼
1
2dArccosðsÞ þ

np
2d; n even;

1
2dArccosð � sÞ þ np

2d; n odd;

(
ð24Þ

where

s ¼ ½ReðfÞ�2 þ ½ImðfÞ�2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ReðfÞ�2 þ ½ImðfÞ�2


 �2
� 2½ReðfÞ�2 � 2½ImðfÞ�2 � 1

 �q

; ð25Þ

n is a non-negative integer, and A denotes the principal value of the inverse cosine function. The
value of n is determined from the function s, which is a periodically varying cosine function with
respect to frequency. That is, while n is 0 at zero frequency, it increases by 1 every time s cycles
through p radians (1801). It is noted here that increasing the integer n allows the estimation
process to be used beyond the Nyquist spacing criteria of the sensors because n keeps a record of
the number of aliasing cycles between the sensors and thus accounts for these cycles in the
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measurement process. After the solution to the real part of a is found, the solution to the
imaginary part of a is written as

ImðaÞ ¼
1

d
log e

ReðfÞ
cos½ReðaÞd�

�
ImðfÞ

sin½ReðaÞd�

� �
: ð26Þ

The real and imaginary parts of a from Eqs. (24) and (26), respectively, are combined to yield
the complex flexural wavenumber.
Although normally considered less important than the estimate of the flexural wavenumber, the

response coefficients are next determined with either an exact or ordinary least-squares solution.
The exact solution is found by combining Eqs. (12) and (13), which results in

A ¼
2T0 coshðadÞ � ðT1 þ T�1Þ
2½coshðadÞ � cosðadÞ�

ð27Þ

and

C ¼
ðT1 � T�1Þ � 2T0 cosðadÞ
2½coshðadÞ � cosðadÞ�

: ð28Þ

Combining Eqs. (15) and (16) yields

B ¼
2ðT1 � T�1Þ coshðadÞ � ðT2 � T�2Þ
4sinðadÞ½coshðadÞ � cosðadÞ�

ð29Þ

and

D ¼
ðT2 � T�2Þ � 2ðT1 � T�1Þ cosðadÞ
4sinhðadÞ½coshðadÞ � cosðadÞ�

: ð30Þ

Eqs. (27)–(30) thus represent the exact estimates of the complex response coefficients.
When the second method is used to estimate these coefficients, an ordinary least-squares fit is

applied to all the data points [2,6,7]. This process begins with a formulation of the problem that
uses N (=7) algebraic equations, where N is the number of sensors. Written in matrix form, the
expressions are

Ax ¼ b; ð31Þ

where

A ¼

cosð3adÞ

cosð3adÞ

cosð3adÞ

�sinð3adÞ

�sinð2adÞ

�sinðadÞ

coshð3adÞ

coshð2adÞ

coshðadÞ

�sinhð3adÞ

�sinhð2adÞ

�sinhðadÞ

1 0 1 0

cosðadÞ

cosð2adÞ

cosð3adÞ

sinðadÞ

sinð2adÞ

sinð3adÞ

coshð3adÞ

coshð2adÞ

coshðadÞ

sinhðadÞ

sinhð2adÞ

sinhð3adÞ

2
666666666664

3
777777777775
; ð32Þ
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x ¼

A

B

C

D

2
6664

3
7775; b ¼

T�3

T�2

T�1

T0

T1

T2

T3

2
666666666664

3
777777777775
: ð33234Þ

The solution to Eq. (31) is

x ¼ ðAHAÞ�1AHb; ð35Þ

where the superscript H denotes the complex conjugate transpose of the matrix. The least-squares
method (Eqs. (31)–(35)) is normally considered to be more accurate than the exact-solution
method shown in Eqs. (27)–(30) and is therefore used for the calculations in the remainder of the
paper. This increase in accuracy occurs because all the seven data points are used to estimate the
response coefficients rather than only the five data points used for the exact solution. It is noted
that the above procedure for estimating flexural wavenumber and response coefficients from the
data provides a series of closed-form equations.

3. Numerical simulations

The inverse method is first examined with a numerical simulation that has noise added to
the transfer functions. In this configuration, the beam has both ends constrained to the ground
with translational springs. The baseline problem has a rectangular cross-section with the follow-
ing physical properties: E ¼ 1011ð1þ 0:05iÞN/m2, r ¼ 5000 kg/m3, Ab ¼ 0:015m2, I ¼ 2:81
�10�5 m4, L ¼ 4m, d ¼ 0:5m, k1 ¼ 10

8N/m, and k2 ¼ 1012 N/m. To study the effects of errors,
random numbers are added to the transfer functions according to the equation

TeðoÞ ¼ TðoÞ þ efRe½TðoÞ�sa þ i Im½TðoÞ�sbg; ð36Þ

where e is the amount of error added to the transfer function and sa and sb are random numbers
with zero mean and a variance of one. The value e is also called the noise value as it represents the
amount of noise added to the transfer function (or additive noise). Fig. 1 is a plot of the estimated
and actual values of flexural wavenumber a versus frequency using an error value of e ¼ 0:02: The
actual values (no noise) of the real part of a are shown as a solid line, and the estimated values
(with noise) of the real part of a are depicted with square symbols. The actual values of the
imaginary part of a are shown as a solid line, and the estimated values of the imaginary part of a
are depicted with circle symbols.
The effect of estimation error versus frequency is shown in Fig. 2, which is displayed with a log

scale on the y-axis. The estimation error at each frequency was defined by the equation

yðomÞ ¼
gaðomÞ � geðomÞ
�� ��

gaðomÞ
�� �� ; ð37Þ
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where g is either flexural wavenumber a or beam displacement U at x ¼ �2d; yðomÞ is the
estimation error at the mth frequency; the subscript a corresponds to the actual (noiseless) value,
and the subscript e corresponds to the estimated (calculated) value. In Fig. 2, the + symbols show
flexural wavenumber estimation errors, the � symbols depict beam displacement estimation

0 100 200 300 400 500
10-3

10-2

10-1

100

101

E
st

im
at

io
n 

E
rr

or

Frequency (Hz)

Fig. 2. Estimation error versus frequency for the numerical simulation. +, estimation error of wavenumber, � ,
estimation error of displacement, and - - - -, the value 0.02.
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Fig. 1. Flexural wavenumber versus frequency for the numerical simulation. &, estimated real flexural wavenumber,

J, estimated imaginary flexural wavenumber, and ——, exact real and imaginary flexural wavenumbers.
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errors, and the dashed line is the value 0.02, which is the amount of additive noise in the transfer
functions. Note that the larger estimation errors tend to be seen at the lower frequency values.
This condition occurs because the wavelengths are longer at lower frequencies, which produces
transfer functions that have less amplitude and phase mismatch at each sensor location, thus
accentuating the effects of any errors. At higher frequencies, the wavelengths become smaller,
which produces transfer functions that have large amplitude and phase mismatch, thus mitigating
the effects of the errors. Once the flexural wavelength is less than the aperture of the sensors
(3.5m), which occurs at approximately 100Hz, the majority of the errors are less than 2 percent
and only several are greater than 10 percent.
It is noted, from Fig. 1, that the relative errors of the imaginary part of the flexural wavenumber

are much greater than the relative errors of the real part of the flexural wavenumber. This is not
problematic because the wavenumber in this simulation and the following experiment are
dominated by the real components and have extremely small imaginary components. Large errors
in the imaginary component of extremely small imaginary flexural wavenumbers do not propagate
into the transfer functions as large estimation errors.
Finally, several numerical simulations were conducted to determine the effects of sensor

position error on the estimation process. A 10-percent error in the position of the middle sensor
resulted in a 2-percent error in the estimation of wavenumber and a 6-percent error in the
estimation of the transfer function. A +5-percent error in the position of two of the sensors and
a �5-percent error in the position of two additional sensors (for a total of four sensors) resulted in
a 14-percent error in the estimation of the wavenumber and a 12-percent error in the estimation of
the transfer function. An alternating 71-percent error in the position of all the seven sensors
resulted in an 18-percent error in the estimation of the wavenumber and a 14-percent error in the
estimation of the transfer function.

4. Experiment

An experiment was conducted to test the validity of the inverse method when it was applied to
actual laboratory data. A rectangular aluminum beam, mounted to a shaker table using rigid
aluminum mounts at each end, had the following properties: Ab ¼ 0:0077m2, I ¼ 6:66� 10�6 m4,
L ¼ 1:07m and d ¼ 0:133mm. It is important to note that this type of mounting system does not
correspond to a translational spring boundary condition but rather to a combination of
translational and rotational spring boundary conditions that are acting together at each end of the
beam. Because the inverse method is independent of boundary conditions, this type of unknown
and mixed boundary condition does not adversely impact the measurement process.
During the measurement process, eight equally spaced accelerometers were attached to the

beam. The first accelerometer served as the reference measurement to the middle seven
accelerometers, which correspond to Eqs. (5)–(11). Data taken in the time domain and transferred
into the frequency domain using a Fourier transform were collected by the accelerometers from 4
to 400Hz in swept-sine mode.
Fig. 3 is a plot of the modelled and estimated values of flexural wavenumber a versus frequency.

The modelled values of the real part of a are depicted with a solid line, and the estimated values
are shown as square symbols. The modelled values of the imaginary part of a are depicted with a
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solid line, and the estimated values are shown as circle symbols. The modelled values were
determined by assuming that the aluminum bar had a Young’s modulus of
7.31� 1010(1+0.01i)N/m2 and a density of 2700 kg/m3 and then calculating the (modelled)
wavenumber with Eq. (4). It is noted that at low frequency there is some disagreement between the
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Fig. 3. Flexural wavenumber versus frequency for the experiment. &, estimated real flexural wavenumber, J,

estimated imaginary flexural wavenumber, and ——, modelled real and imaginary flexural wavenumbers.
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Fig. 4. +, Estimation error and normalized residual versus frequency for the experiment. +, estimation error of

wavenumber, � , normalized residual of displacement, and - - - -, the value 0.02.
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model and the estimate, which was explained in Section 3 and also discussed by McDaniel and
Shepard [9]. The estimation error versus frequency is shown in Fig. 4. In this figure, the +
symbols show flexural wavenumber estimation errors based on assumed values of aluminum, the
� symbols are normalized beam displacement residuals based on a model calculated using the
estimated parameters and the actual data at x ¼ �2d; and the dashed line is the value 0.02 which
is included to allow cross-reference to Fig. 2.

5. Conclusions

This paper describes the derivation of an inverse method to measure the complex flexural
wavenumber and response coefficients of a beam. The new approach obtains seven measured transfer
functions by vibrating the beam transversely with any set of corresponding boundary conditions. These
measurements are then combined to yield closed-form solutions of the beam parameters. Numerical
simulations were presented to show the results of the method with noise in the simulated data, and an
experiment has validated the effectiveness of the technique when it is applied to laboratory data.
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